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We present polynomial Poisson algebras for the 8 lassial potentials in
two-dimensional Eulidian spae that separate in artesian oordinates and
allow a third order integral of motion. Some of the lassial superintegrable
potentials do not oinide with quantum ones, but are their singular limits.
We present the trajetories for all these lassial potentials. We nd that all
bounded trajetories are periodi.
1
1 Introdution
The purpose of this artile is to study the properties of a ertain lass of
superintegrable systems in a real two-dimensional Eulidian spae E2. These
are lassial hamiltonian systems that allow three funtionally independent
integrals of motion. One of them is the Hamiltonian H. The other two are
seond and third order polynomials in the momenta, respetively. Moreover,
in most of the artile we shall restrit to the ase when the potential allows
separation of variables in Cartesian oordinates, so that we have
H =
1
2
(P 21 + P
2
2 ) + f(x) + g(y) (1.1)
A =
1
2
(P 21 − P 22 ) + f(x)− g(y) (1.2)
and X3 will have the general form
X3 =
∑
i+j+k=3
aijkL
i
3P
j
1P
k
2 + k1(x, y)P1 + k2(x, y)P2, (1.3)
where aijk are onstant and L3 is the angular momentum
L3 = xP2 − yP1. (1.4)
Superintegrable systems are Hamiltonian systems with more integrals of
motion than degrees of freedom. In dimension n=2 the maximal possible
number of funtionally independent integrals is 2n-1=3 and that is the ase
we are onsidering.
A large body of literature exists on superintegrable systems, inspired by the
superintegrability of the harmoni osillator
1,2
and Kepler-Coulomb
potentials
3,4
. A systemati searh for superintegrable systems in E2 and E3
was onduted in the 1960ties
5,6,7
. Like muh of the later work on
superintegrable systems it was restrited to the ase of seond order
integrals of motion
8,..,13
. This ase turned out to have an intimate
onnetion with the separation of variables in the Hamilton-Jaobi and
Shrödinger equations.
An interesting disovery was that in general the quadrati integrals of
2
motion do not generate nite dimensional Lie algebras, but more
ompliated algebrai strutures, namely quadrati algebras
14−18
.
Muh less is known about integrable and superintegrable systems with
third and higher order integrals of motion. In 1935 Drah found 10 dierent
potentials in a omplex Eulidian plane allowing a third order integral of
motion in lassial mehanis
19,20
. In 1984 Hietarinta
21
showed that in the
ase of integrals that are third, or higher order polynomials in momenta,
quantum and lassially integrable potentials may not oinide.
A systemati searh for superintegrable systems involving at least one third
order integral was started in 2002
22
. It was shown that in the ase of one
rst order and one third order integral the only lassial superintegrable
systems were known ones (like V = αr2 or V = αr−1) for whih the third
order integral was the produt of a rst and seond order one. However, in
the quantum ase a new superintegrable potential of this type exists,
namely V1(x, y) = (~ω)
2k2sn2(ωx, k) where sn(ωx, k) is a Jaobi ellipti
funtion. The lassial limit (~→ 0) is free motion !22
All lassial and all quantum potentials allowing a seond order integral of
the form (1.2) and a third order integral (of any form ) were found in ref.
23
.
The lassial ones are all expressed in terms of elementary funtions. The
quantum ones are quite dierent and some of them involve ellipti funtions
and Painlevé transendents
24
. We leave the quantum ase for a future study
and onentrate here on the lassial superintegrable Hamiltonian systems
of the form (1.1),...,(1.3)
In Setion 2 we onsider a general superintegrable Hamiltonian system in a
two-dimensional spae (not neessarily Eulidian) with a salar potential. It
allows one quadrati and one ubi integral of motion. We onstrut the
most general ubi Poisson algebra generated by these integrals. We express
the Casimir operator K of this algebra in terms of the Hamiltonian H. The
general formalism of Setion 2 is applied in Setion 3 to the 8 existing
superintegrable systems in E2 allowing separation of variables in Cartesian
oordinates and having an additional third order integral of motion.
Solutions of the equation of motion and trajetories in these 8 systems are
disussed in Setion 4. Setion 5 is devoted to onlusions.
3
2 Cubi Poisson algebras
We start out with a more general Hamiltonian system than (1.1)...(1.3). We
will not assume that we have a natural Hamiltonian in E2, but that we
have a superintegrable system with a quadrati Hamiltonian and one
seond order and one third order integral of motion. We put
H = a(q1, q2)P
2
1 + 2b(q1, q2)P1P2 + c(q1, q2)P
2
2 + V (q1, q2)
A = A(q1, q2, P1, P2) = d(q1, q2)P
2
1 + 2e(q1, q2)P1P2+
f(q1, q2)P
2
2 + g(q1, q2)P1 + h(q1, q2)P2 +Q(q1, q2) (2.1)
B = B(q1, q2, P1, P2) = u(q1, q2)P
3
1 + 3v(q1, q2)P
2
1P2 + 3w(q1, q2)P1P
2
2
+x(q1, q2)P
3
2+j(q1, q2)P
2
1+2k(q1, q2)P1P2+l(q1, q2)P
2
2+m(q1, q2)P1+n(q1, q2)P2+s(q1, q2)
where Pi and qi are anonial momenta and oordinates and a,..,s are
funtions to be determined. Sine A and B are integrals of motion we have.
{H,A} = {H,B} = 0 (2.2)
where {, } is the Poisson braket
Sine B is ubi in the momenta, we annot expet {H,A and B} to
generate a quadrati algebra, like those obtained in
14,...,18
. We will however
try to lose the algebra at the lowest order possible, namely 3. We put
{A,B} = C
{A,C} = αA2 + 2βAB + γA+ δB + ǫ (2.3)
{B,C} = µA3 + νA2 + ρB2 + 2σAB + ξA+ ηB + ζ
Sine we have {C, {A,B}}=0 the Jaobi identity redues to
{A, {B,C}} = {B, {A,C}} (2.4)
The Jaobi identity implies
4
ρ = −β, σ = −α, η = −γ and we obtain the ubi algebra.
{A,B} = C
{A,C} = αA2 + 2βAB + γA+ δB + ǫ (2.5)
{B,C} = µA3 + νA2 − βB2 − 2αAB + ξA− γB + ζ.
The oeients α , β and µ are onstants, but the other ones an be
polynomials in the Hamiltonian H. The degrees of these polynomials are
ditated by the fat that H and A are seond order polynomials in the
momenta and B is a third order one. Hene C an be a fourth order
polynomial. We have
α = α0, β = β0, µ = µ0 (2.6)
γ = γ0 + γ1H, δ = δ0 + δ1H, ǫ = ǫ0 + ǫ1H + ǫ2H
2
ν = ν0 + ν1H, ξ = ξ0 + ξ1H + ξ2H
2
ζ = ζ0 + ζ1H + ζ2H
2 + ζ3H
3,
where α0,...,ζ3 are onstants. A Casimir operator K of a polynomial algebra
is dened as an operator Poisson ommuting with all elements of the
algebra. For the algebra (2.5) this means
{K,A} = {K,B} = {K,C} = 0 (2.7)
and this implies
K = C2−2αA2B−2βAB2−2γAB−δB2−2ǫB+ 1
2
µA4+
2
3
νA3+ξA2+2ζA.
(2.8)
Thus K is a polynomial of order 8 in the momenta. sine the Hamiltonian H
also satises relations (2.7) we an expet K to be a polynomial in H and
we write
K = k0 + k1H + k2H
2 + k3H
3 + k4H
4
(2.9)
5
where k0, .., k4 are onstants. Note that eq. (2.9) together with (2.8)
represents a polynomial relation between the integrals H, A, B and C in
agreement with the fat that only 3 of them an be funtionally
independent.
3 Cubi Poisson algebras for lassial
superintegrable systems
Let us now apply the formalism of Setion 2 to all lassial superintegrable
potentials that separate in Cartesian oordinates and allow a third order
integral of motion
22,23
. They have the form (1.1),...,(1.3) , so we have
a(q1, q2) = c(q1, q2) = 1, b(q1, q2) = 0 in (2.1). Eight suh systems exist, four
of them are well-known, four rst presented in
23
.
Case 1. The isotropi harmoni osillator.
We have
H =
P 21
2
+
P 21
2
+
ω2
2
(x2 + y2) (3.1)
The formalism of Setion 2 applies, but we annot expet it to provide
anything new. indeed, in this ase we have a well known u(2) algebra of
rst and seond order integrals of motion :
L3 = xP2 − yP1, X1 = P 21 + ω2x2, X2 = P 22 + ω2y2 (3.2)
X3 = P1P2 + ω
2xy
we an hose
A = P 21 − P 22 + ω2(x2 − y2) = X1 −X2 (3.3)
B = L3X2 = xP
3
2 − yP1P2 − ω2y3P1 + ω2xy2P2
we obtain
{A,B} = C = −4X2X3
6
{A,C} = −16ω2B (3.4)
{B,C} = 2A3 − 6HA2 + 8H3
Thus, relations (2.5) are satised, but we remain in the enveloping algebra
of u(2). The Casimir operator of the ubi algebra in this ase is
K = C2 + 16ω2B2 + 2A4 − 6HA3 + 8H3A = 16H4 (3.5)
However, in this ase H is simply the entral element of the u(2) algebra
(3.2) and it generates the enter of the enveloping algebra of u(2)( a hene
also of the ubi algebra).
Case 2. A quadratially superintegrable Hamiltonian
5,6
H =
P 21
2
+
P 22
2
+
ω2
2
(x2 + y2) +
b
x2
+
c
y2
(3.6)
The Hamiltonian allows two seond order integrals of motion, namely
X1 = P
2
1 − P 22 + ω2(x2 − y2) +
2b
x2
− 2c
y2
(3.7)
X2 = L
2
3 + 2r
2(
b
x2
+
c
y2
).
The Hamiltonian H allows separation of variables in artesian and polar
oordinates and also in ellipti ones. We shall identify X1 = A and the
ubi integral B is equal to
B = −1
8
{X1, X2} = xP1P 22 − yP 21P2 + xy(
−2b
x3
+ω2x)P2− xy(−2c
y3
+ω2y)P1
(3.8)
{A,B} = C = 4(A2 − 2HA−H2 + 8ω2X2 − 16ω2(b+ c)
{A,C} = −64ω2B (3.9)
{B,C} = −2A3 + 8H2A+ 64(c− b)ω2H + 32(c+ b)ω2A
K = C2 + 64ω2B2 −A4 + (8H2 + 32(c+ b)ω2)A2 + 128(c− b)ω2HA (3.10)
7
= 16H4 − 128ω2(c+ b)H2 + 1024ω4bc
In this ase there is no underlying nite-dimensional Lie algebra, however
X1, X2 and H generate a quadrati Lie algebra
16,18
{X1, X2} = Cq
{X1, Cq} = −8X21 + 16X1H − 16ω2X2 + 32ω2(b+ c) (3.11)
{X2, Cq} = 16X1X2 − 16HX2 + 32H(c− b)
With Cq = −B and the relations (3.9) of the ubi algebra are
onsequenes of (3.11)
Case 3. A further quadratially superintegrable Hamiltonian
5,6
is
H =
P 21
2
+
P 22
2
+
ω2
2
(4x2 + y2) +
b
y2
+ cx (3.12)
The two seond order integrals of motion are
A = P 21 − P 22 + ω2(4x2 − y2)−
2b
y2
+ 2cx (3.13)
X2 = xP
2
2 − yP1P2 +
2bx
y2
− 2axy2 − c
2
y2
and the Hamiltonian allows the separation of variables in artesian and
paraboli oordinates. The third order integral is
B = −1
4
{X1, X2} = P1P 22 + (
2b
y2
− ω2y2)P1 + (4ω2xy + cy)P2 (3.14)
{A,B} = C = 16ω2X2
{A,C} = −64ω2B (3.15)
{B,C} = 16ω2HA+ 16ω2H2 − 12ω2A2 + 8c2H − 4c2A+ 128ω4b
8
K = C2+64ω2B2−8ω2A3+(16ω2H−4c2)A2+(32ω2H2+16c2H+256ω4b)A
(3.16)
= 64ω2H3 + 16c2H2 − 512ω4bH − 128ω2bc2
As in Case 2 we have a ubi algebra but all relations in it follow from the
already known quadrati algebra
16,18
.
Case 4. We have
H =
P 21
2
+
P 22
2
+
ω2
2
(9x2 + y2) (3.17)
Whih is anisotropi harmoni osillator with a rational frequeny ratio
ω1/ω2=3/1. The seond and third order integrals are
A = P 2x − P 2y + ω2(9x2 − y2) (3.18)
B = −yP1P 22 + xP 32 +
1
3
ω2y3P1 − 3ω2xy2P2
{A,B} = C = −4P1P 32 + 12ω2y2P1P2 − 36ω2xyP 22 + 12ω4xy3)
{A,C} = −144ω2B (3.19)
{B,C} = 2A3 + 8H3 − 6HA2
K = C2 + 144ω2B2 + A4 − 4HA3 + 16AH3 = 16H4 (3.20)
In this ase the integral B is irreduible, i.e. it is not the Poisson braket of
lower order integrals. The ubi algebra (3.20) is related to a u(2)
invariane algebra onstruted by Jauh and Hill
1
for any anisotropi
harmoni osillator in E2 with a rational frequeny ratio. Their Lie algebra
for the ratio ω1/ω2=3/1 is generated by the integrals.
{H, B1 = C
H − A, B2 =
B
H − A, B3 = A} (3.21)
It has atually been shown that in many ases in lassial mehanis
funtions of integrals of motion an be onstruted that generate nite
9
dimensional Lie algebras
25
.In the ase of the anisotropi osillator (3.17) it
sues to take the frations B1 and B2 of the polynomials (3.17),...,(3.20).
The Hamiltonians onsidered so far namely (3.1),(3.6),(3.12) and (3.17) are
all superintegrable, both in the lassial and quantum ases
23
.
The remaining 4 ases are quite dierent in that the systems are integrable
only in the lassial ase. They are all obtained as singular limits of
quantum integrable systems. As we shall see, the quantum systems are
quite dierent and the potentials are expressed in terms of Painlevé
transendents.
Case 5. The lassial Hamiltonian and two integrals of motion in this ase
are
H =
P 21
2
+
P 22
2
+β21
√
|x|+β22
√
|y|, A = P
2
1
2
− P
2
2
2
+β21
√
|x|−β22
√
|y| (3.22)
B = β42P
3
1 + ǫβ
4
1P
3
2 + 3β
4
2β
2
1
√
|x|P1 + ǫ3β41β22
√
|y|P2
ǫ = 1, xy > 0 (3.23)
ǫ = −1, xy < 0 .
In the quantum ase an integral of the type B exists if the potential
V(x,y)=V1(x) + V2(y) satises
23
~
2V ′′1 (x) = 6V
2
1 (x)− 6β41x (3.24)
~
2V ′′2 (y) = 6V
2
2 (y)− 6β42y
The lassial (and singular) limit ~→ 0 yields the potential in (3.22). The
ubi algebra (2.5) in this ase simplies and we get
{A,B} = C = 3β41β42
{A,C} = 0 (3.25)
{B,C} = 0
10
K = 9β81β
8
2 (3.26)
Thus {A,B,C} atually generate a nilpotent Lie algebra, isomorphi to the
Heisenberg algebra in one dimension (sine C is onstant).
We an see from eq. (3.24) that the quantum ase will be ompletely
dierent. Indeed eq. (3.24) an be solved in terms of the rst Painlevé
transendent PI
24
.
Case 6. The lassial Hamiltonian and two integrals of motion are
H =
P 21
2
+
P 22
2
+
ω2
2
y2 + V (x), A =
P 21
2
− P
2
2
2
− ω
2
2
y2 + V (x) (3.27)
B = −yP 31 + xP 21P2 + (
ω2
2
x2 − 3V )yP1 − 1
ω2
(
ω2
2
x2 − 3V )VxP2
where V satises a quarti equation
−9V (x)4+14ω2x2V (x)3+(6d−3ω
4
4
x4)V (x)2+(
3ω6
2
x6−2ω2x2)V (x) (3.28)
+(cx2 − d− dω
4
2
x4 − ω
8
16
x8) = 0
In the quantum ase V saties a fourth order dierential equation
23
~
2V (4) = 12ω2xV ′ + 6(V 2)′′ − 2ω2x2V ′′ + 2ω4x2 (3.29)
that an be solved in terms of the Painlevé transendent PIV
24
. Eq. (3.27)
is the solution of (3.29) for h→ 0 and  and d are integration onstants. In
general, eq. (3.27) has 4 roots and the expressions for them are quite
ompliated. A speial ase ours if ω2, and d satisfy.
c =
23ω8b3
36
, d =
ω4b2
33
(3.30)
where b is an arbitrary onstant. Then eq. (3.28) has a double root and we
obtain
V1,2(x) =
ω2
18
(2b+ 5x2 ± 4x
√
b+ x2) (3.31)
11
V3(x) = V4(x) = (−ω
2b
33
+
ω2
2
x2) (3.32)
For V(x) satisfying (3.28) the ubi algebra is
{A,B} = C
{A,C} = −4ω2B (3.33)
{B,C} = 8A3 + 12HA2 − 4H3 − 44b
2ω4
27
A+
4b3ω6
729
K = C2 + ω2B2 + 4A4 + 8HA3 − 4bA2 + (−8H3 + 8b
3ω6
729
)A (3.34)
= 4H4 − 4
27
b2ω4H2 +
8b3ω6
729
H
Case 7. The lassial Hamiltonian and two integrals of motion in this ase
are
H =
P 21
2
+
P 22
2
+ a2|y|+ b2
√
|x|, A = P
2
1
2
− P
2
2
2
− a2|y|+ b2
√
|x| (3.35)
B = P 31 + 3b
2
√
|x|P1 + ǫ 3b
4
2a2
P2
ǫ = −1, xy > 0 (3.36)
ǫ = 1, xy < 0 .
In the quantum ase the potential is V(x,y)=ay + V(x) where V(x) satises
~
2V ′′ = 6V 2 − 6b4x, b 6= 0 (3.37)
This is solved in terms of the rst Painlevé transendent for ~ 6= 0. For
~ = 0 the singular limit is V=b
√
x. The ubi algebra in this ase is very
simple and redues to a Lie algebra, the Heisenberg algebra as in Case 5.
We have
{A,B} = C = 3b4
12
{A,C} = 0 (3.38)
{B,C} = 0
K = 9b8 (3.39)
Case 8. In this ase we have
H =
P 21
2
+
P 22
2
+ ay + V (x), A =
P 21
2
− P
2
2
2
− ay + V (x) (3.40)
B = aP 31 − bP 21P2 + a(3V (x)− bx)P1 − 2bV (x)P2
where V(x) satises a ubi equation
V (x)3 − 2bxV (x)2 + b2x4V (x)− d = 0 (3.41)
This is again obtained from a singular limit of a seond order nonlinear
ODE in the quantum ase. It is, for ~ 6= 0, solved in terms of the Painlevé
transendent PII . The ubi algebra in this ase redues to
{A,B} = C = 2ab(A+H)
{A,C} = 0 (3.42)
{B,C} = −4a2b2(A+H)
K = 4a2b2H2 (3.43)
We see that (3.42) is atually a Lie algebra with entre H. If we put
A1 =
H + A
2
, B1 = − 1
2ab
B (3.44)
We obtain the solvable deomposable Lie algebra
{H1, B1} = B1, {H1, H} = {B1, H} = 0 (3.45)
The ubi equation (3.41) an be taken to standard form by putting
V (x) = y(x) +
2bx
3
(3.46)
13
We obtain
y3 + 3py + 2q = 0, p = −(bx
3
)2, q = (
bx
3
)3 − d
2
(3.47)
This disriminant is
D = q2 + p3 =
d2
4
− b
3dx3
27
(3.48)
For D < 0,i.e. x3 > 27d
4b2
with d<0 or x3 < 27d
4b2
with d>0 it has 3 real roots,
For D > 0,i.e. x3 < 27d
4b2
with d<0 or x3 > 27d
4b2
with d>0 it has 1 real root y1
and 2 omplex ones,y3 = y¯2.
The orresponding potentials are
V1(x) =
2bx
3
+
21/3b2x2
3(2 + d− 2b3x3 + 3√3√27d2 − 4b3dx3)1/3 (3.49)
+
(27d− 2b3x3 + 3√3√27d2 − 4b3dx3)1/3
321/3
V2(x) =
2bx
3
+
(1 + i
√
3)b2x2
322/3(2 + d− 2b3x3 + 3√3√27d2 − 4b3dx3)1/3 (3.50)
+
(1− i√3)(27d− 2b3x3 + 3√3√27d2 − 4b3dx3)1/3
621/3
V3(x) =
2bx
3
+
(1− i√3)b2x2
322/3(2 + d− 2b3x3 + 3√3√27d2 − 4b3dx3)1/3 (3.51)
+
(1 + i
√
3)(27d− 2b3x3 + 3√3√27d2 − 4b3dx3)1/3
621/3
Multiple roots our for D=0.This happens (for x 6= onst) for d=0 only
and then we have
V = bx (3.52)
as a double root(and V=0 as the simple one). We an onsider the
partiular Hamiltonian,
H =
P 21
2
+
P 22
2
+ a2|y|+ b2|x|, A = P
2
1
2
− P
2
2
2
− a2|y|+ b2|x| (3.53)
14
B = a2P 31 − b2P 21P2 + 2a2b2|x|P1 − 2b4|x|P2
4 Trajetories for lassial superintegrable
systems
If a Hamiltonian system is maximally superintegrable and satises ertain
analytiity properties, then all of its bounded trajetories are losed and
the motion is periodi
26
. Here we shall disuss the trajetories for all the 8
systems of Setion 3. The trajetories an be obtained in a uniform manner
diretly from the integrals of motion. Indeed in all ases we an put
1
2
P 21 + f(x) = E1 (4.1)
1
2
P 22 + g(y) = E2 (4.2)
B = µP 31 + νP
2
1P2 + ρP1P
2
2 + σP
3
2 + φP1 + ψP2 = k . (4.3)
In (4.3) µ ,ν ,ρ and σ are low order polynomials in x and y, φ and ψ are
funtions of x and y (all of them known). The onstants E1 and E2 are
positive, k arbitrary. From (4.1) and (4.2) we obtain P 21 and P
2
2 in term of x
and y, respetively. From eq(4.3) we obtain
(P 21 (µP
2
1 + ρP
2
2 + φ)
2 − P 22 (νP 21 + σP 22 + ψ)2)2 + k4 (4.4)
= 2k2(P 21 (µP
2
1 + ρP
2
2 + φ)
2 + P 22 (νP
2
1 + σP
2
2 + ψ)
2) .
Substituting for P 21 and P
2
2 from (4.1) and (4.2) we obtain the equation for
the trajetories. Diretly from eq (4.1) and (4.2) we see that the motion is
bounded if there exist two onstants, xo and yo,suh that we have
f(x) ≥ 0, x2 > x2o, g(y) ≥ 0, y2 > yo . (4.5)
This diret method of omputing trajetories is universal, hene not
neessarily onvenient in any speial ase. For instane for the harmoni
osillator it gives a polynomial of order 16 in x and y whih an then be
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simplied to a seond order one. However it avoids the problem of
integrating the equation of motion and then eliminating time.
Case 1. The trajetories of the harmoni osillator are well known and are
ellipses.
Case 2. The trajetories are given in
6
and are easily obtained by
integrating the equation of motion :
x(t)2 =
E1
ω2
+
√
E21
2ω4
− 2b
ω2
sin(2ωt+ c1) (4.6)
y(t)2 =
E2
ω2
+
√
E22
2ω4
− 2c
ω2
sin(2ωt+ c2) (4.7)
Case 3. The trajetories are also given in
6
and are obtained as in Case 2.
x(t)2 =
−c
4ω2
+
√
E1
ω2
+
c2
32ω2
sin(2ωt+ c1) (4.8)
y(t)2 =
E2
ω2
+
√
E22
ω4
− 2c
ω2
sin(2ωt+ c2) (4.9)
Case 4.The Case of the anisotropi osillator is well known. The
trajetories are what is alled Lissajous gures.
x(t) =
√
2E1
9ω2
sin(3ωt+ c1) (4.10)
y(t) =
√
2E2
ω2
sin(ωt+ c2) (4.11)
Case 5. The potential is
V = β21
√
|x|+ β22
√
|y| . (4.12)
We nd the trajetories using the equation (4.4). The bounded trajetories
16
are losed. Examples are shown on Fig 5.
Case 6. We know from the Setion 3 that the only partiular ase where
two roots oinide is (3.30). The trajetories for the potentials V1,2(x) satisfy
y(t) =
√
2E2
ω2
sin(ωt+ c2) (4.13)
∫
dx√
−10ω2
9
x2 ∓ 4ω2
9
x
√
b+ x2 + 2E1
= t+ c1 (4.14)
The trajetories were obtained numerially diretly from the equations of
motion. We have losed trajetories and examples are shown on Fig 6. For
V3(x) the potential is a shifted harmoni osillator, so the trajetories are
ellipses.
Case 7. The potential is
V = a2|y|+ b2
√
|x| (4.15)
We nd the trajetories using equation (4.4). The bounded trajetories are
losed. They are shown on Fig 7.
Case 8. There is the partiular ase
V = a2|y|+ b2|x| (4.16)
We use eq. (4.4) to alulate the trajetories. Again the bounded
trajetories are losed. An example is shown on Fig 8.
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5 Conlusion
The main results of this artile are the study of the algebras of integrals of
motion, presented in Setions 2 and 3 and the investigation of lassial
trajetories in Setion 4.
In all 8 ases of superintegrable systems, separating in artesian oordinates
and allowing a third order integral of motion, the integrals of motion
generate a ubi Poisson algebra. In many ases this polynomial algebra is
reduible that is it is a onsequene of the existene of a simpler algebrai
struture.
In 4 ases the simplest underlying struture is a Lie algebra. Thus in Case
1, the isotropi harmoni osillator, the integrals of motion generate the
u(2) algebra with the Hamiltonian as its entral element. The third order
operator B and the fourth order one C lie in the enveloping algebra of u(2).
In Case 5 the potential V (x, y) = β21
√
|x|+ β22
√
|y| is nonanalytial at the
origin. In this ase the Poisson braket of the seond and the third order
integrals is a onstant. Hene A,B and C generate the Heisenberg Lie
algebra.
Case 7 with V (x, y) = a2|y|+ b2√|x| is similar to Case 5 in that A, B and
C generate the Heisenberg Lie algebra (with C onstant). In both of these
ases the Lie algebra is atually
{H}
⊕
{A,B,C} (5.1)
i.e. the diret sum of a one-dimensional Lie algebra, generated by the
Hamiltonian, and the Heisenberg algebra.
In Case 8 we have V(x,y)= ay + V(x) with V(x) satisfying the ubi
equation (3.41), the integrals generate a solvable deomposable Lie algebra
(3.45). The Hamiltonian H ommutes with the elements of the
two-dimensional solvable algebra.
The Case 2 and 3 are dierent. The Hamiltonians (3.6) and (3.12) are
atually quadratially superintegrable and the third order integral B is the
Poisson braket of two seond order ones. These seond order integrals give
rise to a quadrati Poisson algebra
15,16
and the ubi algebra of our Setion
3 is an algebrai onsequene of the quadrati one.
Finally, two irreduible ases remain. One is the Case 4, the anisotropi
harmoni osillator (3.17). We have a genuine third order polynomial
algebra (3.19), (3.20) of polynomial integrals H,A,B and C of order 2,2,3
18
and 4, respetively. Somewhat artiially, we an onstrut the Lie algebra
u(2) of eq. (3.21), using rational funtions of these integrals.
Case 6 is again irreduible, i.e. we obtain the genuinely ubi polynomial
algebra (3.33), (3.34), again involving two seond order, one third order and
one fourth order integral. The ondition for this algebra to lose is preisely
that V(x) should satisfy the quarti equation (3.28).
To our knowledge, no lassiation of polynomial algebras exist, not even of
quadrati ones, still less of ubi algebras. We an however see that the
linear parts of the algebras of Case 4 and Case 6 are not isomorphi as Lie
algebras. That of Case 4 is solvable, that of Case 6 is simple.
Trajetories are studied in Setion 4 with examples on Fig 1,...,8. The most
important result is that all nite trajetories are losed. We note that the
potentials of Case 1 and 4 are analyti everywhere, so superintegrability
implies periodi motion
26
. In ases 2 and 3 the potentials are singular along
one or both oordinate axes, analyti elsewhere. In Case 5 the potential is
nonanalyti with nonisolated branhpoints along the axes. That not
withstanding, bounded trajetories turn out to be losed.
The funtions V1,2(x) in Case 6 are nonanalyti for x
2 = −b for b>0. Similar
statements apply for Case 7. In Case 8 we have studied a pseial ase when
the ubi equation (3.41) has a double root. In this ase we either have a
linear potential V (x, y) = αx+ βy with no bounded trajetories, or the
nonanalytial one V (x, y) = a2|y|+ b2|x| (4.16) that we have investigated.
Our onlusion is that the bounded trajetories are always losed for the
superintegrable potentials, wheter they are analytial, or not.
An investigation of the properties of superintegrable systems with a third
order integral of motion is in progress.
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Figure aptions
Fig1.A trajetory for V = ω
2
2
(x2 + y2). Parameter ω2 = 2, vxo = −1.5,
xo = 5, vyo = −1.2, yo = −2, t=[0,400℄
Fig2.A trajetory for
ω2
2
(x2 + y2) + b
x2
+ c
y2
. Parameter ω2 = 2,b=2 and
=3, vxo = −1.5, xo = 5, vyo = −1.2, yo = −2, t=[0,400℄
Fig3.A trajetory for
ω2
2
(4x2 + y2) + b
y2
+ cx. Parameter ω2 = 1,b=2 and
=3, vxo = −1.5, xo = 5, vyo = −1.2, yo = −2, t=[0,400℄
Fig4.A trajetory for
ω2
2
(9x2 + y2). Parameter ω2 = 1 and d=3, vxo = −1.5,
xo = 5, vyo = −1.2, yo = −2, t=[0,400℄
Fig5.A trajetory for V = β21
√|x|+ β22√|y|. Parameter E1 = E2 = k = 1
Fig6.A trajetory for
ω2
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(2b+ 5x2 ± 4x√b+ x2). Parameter ω2 = 1 and
d=3, vxo = −1.5, xo = 5, vyo = −1.2, yo = −2, t=[0,400℄
Fig7.A trajetory for V = a2|y|+ b2√|x|. Parameter E1 = E2 = k = 1
Fig8.A trajetory for V = a2|y|+ b2|x|. Parameter E1 = E2 = k = 1
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